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The formal structure(s) of analogical inference∗

Alexander Gebharter ⋅ Barbara Osimani

Abstract: Recently, Dardashti, Hartmann, Thébault, and Wins-

berg (2019) proposed a Bayesian model for establishing Hawking ra-

diation by analogical inference. In this paper we investigate whether

their model would work as a general model for analogical inference.

We study how it performs when varying the believed degree of sim-

ilarity between the source and the target system. We show that

there are circumstances in which the degree of confirmation for the

hypothesis about the target system obtained by collecting evidence

from the source system goes down when increasing the believed de-

gree of similarity between the two systems. We then develop an al-

ternative model in which the direction of the variation of the degree

of confirmation always coincides with the direction of the believed

degree of similarity. Finally, we argue that the two models capture

different types of analogical inference.

∗This is a draft paper. Please do not cite or quote without permission. The final version of

this paper forthcoming under the following bibliographical data: Gebharter, A., & Osimani,

B. (forthcoming). The formal structure(s) of analogical inference. Erkenntnis.
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1 Introduction

Scientists often rely on analogical inference of various kinds. This might be

for several reasons. The dynamics of black holes, for example, cannot be ob-

served directly for experimental and theoretical reasons. They might, however,

be studied indirectly via investigating how similar (or analog) enough systems

behave (cf. Dardashti, Thébault, & Winsberg, 2015). Direct evidence about

climate change is available, but one has to wait for long periods of time for new

evidence to come in. So there is also a lot of relevant evidence not accessible for

practical reasons. This is why climate change is regularly studied on the basis of

computer simulations.1 A crucial assumption is, again, that these models cap-

ture the actual climate dynamics well enough. Finally, direct evidence might be

inaccessible for moral reasons. An example would be how a new antiviral com-

pound is studied in medicine and pharmacology. Before it is tested on humans,

it is tested on a suitable model organism. Scientists typically rely on rats since

their immune system functions similarly to the human immune system. There

are even specific breeding programs aiming at making the immune system of

rats even more similar to the human immune system in order to create even

better model organisms (cf. Levy & Currie, 2015).

What all of these examples have in common is that scientists aim at es-

tablishing a hypothesis about a certain system of interest, the target system,

but are not able to do so on the basis of direct evidence (alone). Instead, they

(also) study another easier accessible system, the source system, for which they

have good reasons to believe that it works similarly enough in order to justify

an inference about the target system. Now one crucial question is how exactly

these different kinds of analogical inference work. How can they be analyzed

1Whether computer simulations are a subspecies of analogical inference is still debated

(cf. Boge, 2020; Winsberg, 2009).
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and under which conditions are analogical inferences guaranteed to succeed? In

this paper, we are concerned with questions like these as well as with a certain

strategy to answer them. In particular, we focus on how these questions can

be tackled in a Bayesian framework. Recently, Dardashti et al. (2019) proposed

a Bayesian model for establishing Hawking radiation by analogical inference.

Their model provides an answer to these questions for a particular case. They

formulate several conditions which, if satisfied, guarantee that observing the

evidence of the source qualitatively confirms the hypothesis about the target

system. Though their model is intended as a model for a specific case of analog-

ical inference aiming at establishing Hawking radiation,2 Feldbacher-Escamilla

and Gebharter (2020) argued that it has some merits as a general model for

analogical inference as well.3 In this paper, we follow this trend and further

explore whether their model is suitable to cover analogical inference in general.

After introducing the formal details of Dardashti et al.’s (2019) model in

section 2 and abstracting away from the specific case of Hawking radiation, we

formulate two problems for the model as a general model for analogical inference.

The first one will be a minor problem which can easily be solved. However, the

motivation for the strategy to fix that minor problem will provide a relevant

intuition on which we will heavily rely on later. The second problem points to

more fundamental issues regarding analogical inference. It arises if one considers

2Crowther, Linnemann, and Wüthrich (2021) argue that Dardashti et al.’s (2019) model

does not work in the specific case of Hawking radiation because no independent evidence for

the analogy is provided. The role of independent support for the similarity of the source and

the target system is important and we will come back to it later.

3Feldbacher-Escamilla and Gebharter (2020) also point out several problems for a Dard-

ashti et al.’s (2019) model if understood as a general model for analogical inference. Since they

admit that these problems do not necessarily form the basis of a compelling argument against

the model, we bracket them in this paper. For connections of the model to the literature on

abduction and unification, see (Feldbacher-Escamilla & Gebharter, 2019; Glymour, 2019).
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how the degree of confirmation provided by the evidence of the source system

to the target system is influenced by another factor: the believed degree of

similarity of the source system to the target system. We show that sometimes

an increase in the believed degree of similarity of the two systems does not

coincide with an increase in the degree of confirmatory impact the evidence of

the source system has on the hypothesis about the target system, which goes

against basic intuitions underlying many cases of analogical inference. Take

the rat study case introduced earlier as an example: Intuitively, we expect

that the more certain we become that the immune system of the rats used in

the study resembles the human immune system, the more our findings on the

model organism confirm the corresponding hypothesis about how the antiviral

compound works on humans.

As a next step, we propose an alternative Bayesian model for analogical

inference in section 3. We formulate constraints under which our alternative

model guarantees that evidence about the source system qualitatively confirms

the hypothesis about the target system. Next, we show that our alternative

model can account for the problems that arise for Dardashti et al.’s (2019)

model if understood as a general model: In the alternative model, the direction

in a change of the degree of confirmation provided by the evidence of the source

system for the corresponding hypothesis about the target system always goes

hand in hand with the direction of a change in the believed degree of similarity

between the two systems.

In section 4, we compare the Dardashti et al.’s (2019) original model and

our alternative model. We argue that none of the two models is suitable as a

general model for analogical inference, but that nonetheless each of them has its

proper place in scientific reasoning: While the original model represents the case

of analogical confirmation by means of a theoretical model or full-fledged theory
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under whose domain both the source and the target system fall, our alternative

model may be taken as a formal reconstruction of extrapolation via analogy. In

the former case, the structure of the source system is assumed to reproduce the

relevant theoretical features that should be sufficient to predict/reproduce the

phenomena observed in the target system because both systems are governed

by the same theoretical model or theory. In the latter case, the analogy is

based upon knowledge of a set of shared features between the two systems. We

argue that our proposal vindicates and provides a formalization of the distinct

epistemic dynamics at work in the use of theoretical models and theories vs.

extrapolations (e.g., based on model organisms) in scientific practice.

2 Analogical inference Bayesian style 1.0

To set the stage, let us think about analogical inference in somewhat more

technical terms. Let s stand for the source system and let t stand for the target

system. Next, let us introduce a few binary variables. Assume that Ht expresses

the hypothesis to be established about the target system. In the rat study

example introduced in section 1, Ht = 1 could be interpreted as the antiviral

compound being efficacious (without leading to severe side effects) for humans

and Ht = 0 as the negation of that claim. Let Hs represent the corresponding

hypothesis about the source system. In the example, Hs = 1 and Hs = 0 would

make the same claims as Ht = 1 and Ht = 0 make about the target system, but

for rats instead of humans. Finally, let Es represent the direct evidence about

the source system. In our example, it could simply stand for the outcome of the

rat study. Es = 1 could stand for a positive and Es = 0 for a negative outcome.

The general structure of the setup is graphically illustrated in Figure 1. For

convenience, we will write binary variables in italics, while upper case letters

not written in italics will stand for the corresponding variable’s values. The
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direct evidence for Hs (represented by the continuous arrow), Hs making similar

claims about the source system s as Ht makes about the target system t (repre-

sented by the dashed arrows), and s and t sharing structural features relevant

for Hs and Ht (represented by the dashed line).

binary variable Ht, for example, can take the value Ht for Ht = 1 or the value

H̄t for Ht = 0.

Before we can present Dardashti et al.’s (2019) model, we need to introduce

one more variable modelling the structural similarity between the source and

the target system. This job is done by the binary variable X. In Dardashti

et al.’s (2019) original model, X represents universality arguments that are

established with much care.4 Since we are not interested in Hawking radiation

but in whether their model works as a general model for analogical inference, we

will not follow their specific interpretation of the binary variable X. Instead, we

interpret X as postulating a relevant similarity between the source and the target

system and X̄ as denying such a similarity. Thus, higher Pr(X) values indicate

that the source system and the target system are considered to more likely

4For further details on how X can be interpreted as representing universality arguments

and on the conditions under which they can be built up to support analogical inference from

the source to the target system, see (Field, 2021).
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behave similarly w.r.t. the specific hypotheses and phenomena of interest. This

is in accord with Dardasthi et al.’s interpretation as well as with the classical

assumption from the analogical inference literature that the source system and

the target system share relevant similarities (cf. Hesse, 1966). To further flesh

out X, one can follow this tradition and interpret X as the claim that the source

system s and the target system t are similar w.r.t. a certain feature and X̄ as

the negation of that claim (cf. Feldbacher-Escamilla & Gebharter, 2020). This

feature can be simple or complex consisting of several subfeatures. We also

assume that it is relevant for the truth of both hypotheses Hs and Ht and that

the two systems s and t are not similar in other relevant respects. This leaves

room for the possibility that there are other features only realised by one of

the two systems or not relevant for the truth of both Hs and Ht. We interpret

Pr(X) as the agent’s believed degree of similarity of s and t w.r.t. that feature.

Given this interpretation, Pr(X) = 1 stands for belief in maximal similarity,

Pr(X) = 0 for belief in no similarity, and 0 < Pr(X) < 1 for belief in all the

different degrees of similarity between the two extremes.5

Dardashti et al. (2019) build a Bayesian network6 with the graph depicted

in Figure 2. In addition, they formulate the following constraints for the prob-

5Under this interpretations Pr(X) and Pr(X̄) function as weights steering the agent’s

believed degree of similarity between maximal similarity vs. no similarity w.r.t. a certain

feature. If we assume that believed degree of similarity w.r.t. that feature can be measured

by a function sim normalized to the interval [0,1], then Pr(X) and Pr(X̄) are related to sim

as follows:

sim = 1 ⋅ Pr(X) + 0 ⋅ Pr(X̄)

Since 0 ⋅ Pr(X̄) = 0, sim collapses to Pr(X), which makes Pr(X) perfectly suited to express

the believed degree of similarity of s and t w.r.t. a certain feature.

6For a primer on Bayesian networks, see the Appendix.
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ability distribution Pr associated with this graph:

0 < Pr(X) < 1 (1)

∀i ∈ {s, t} ∶ Pr(Hi∣X) > Pr(Hi∣X̄) (2)

Pr(Es∣Hs) > Pr(Es∣H̄s) (3)

Equation 1 requires the probability distribution over X to be non-extreme.

Equation 2 says that structural similarity between the source and the target

system renders the truth of the corresponding hypotheses more likely. Equa-

tion 3 reflects the assumption that Es is considered to be positive evidence for

Hs.

Finally, we also need to say a few words about the particular structure of

the Bayesian network in Figure 2: The edge Hs Ð→ Es indicates that Es stands

for the direct evidence for the hypothesis about the source system. This corre-

sponds to the usual way how hypothesis and evidence are connected in Bayesian

networks (cf. Bovens & Hartmann, 2003). Because it is assumed in analogical

inference that information coming from the source system can reach the tar-

get system only due to shared structural features, the variable X modelling
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these shared structural features needs to mediate between these two systems.

This is represented by Hs ←Ð X Ð→ Ht. This representation guarantees that

Hs-changes can lead to Ht-changes only due to X-changes.

Throughout the paper we use the ordinary Bayesian difference measure as a

proxy for measuring confirmation:

c(Ht; Es) = Pr(Ht∣Es) − Pr(Ht)

As briefly mentioned in section 1, Dardashti et al. (2019) are mainly concerned

with a qualitative notion of confirmation. For now, we follow their lead. We

ignore the numerical details and rather focus on whether c(Ht; Es) is positive

(confirmation), zero (no confirmatory impact), or negative (disconfirmation).

One of the main achievements of their paper is to prove the following theorem:7

Theorem 2.1. For every Bayesian network with the graph in Figure 1 whose

probability distribution satisfies Equations 1–3: c(Ht; Es) > 0.

Theorem 2.1 establishes that under certain conditions analogical inference

can be analyzed in terms of Bayesian updating.

Next, we will point at two problems with the model if understood as a gen-

eral model for analogical inference. We start with the minor problem. This

problem concerns the probabilistic constraint Equation 2. One might contest

this assumption’s plausibility. In words, it says that if the source and the tar-

get system are similar w.r.t. a certain feature, then the hypotheses Hs and Ht

should both be more likely to be true. But why should the probability of both

7The other theorem Dardashti et al. (2019) prove is about the increase of confirmatory

impact when several source systems are available. It can be used to further justify their

universality arguments. Since we are interested in models for analogical inference in general

and not particularly in building up universality arguments, we bracket further discussion of

that theorem.
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hypotheses increase rather than decrease? What one can actually learn about

the truth of the hypotheses Hs and Ht by establishing that the source and the

target system are similar w.r.t. a certain feature is that both hypotheses should

be more likely to be true or false together. Accordingly, we can modify the

original constraint Equation 2 as follows:

∀i ∈ {s, t} ∶ Pr(Hi∣X) > Pr(Hi∣X̄) or ∀i ∈ {s, t} ∶ Pr(Hi∣X) < Pr(Hi∣X̄) (4)

Equation 4 captures the basic idea outlined above: Establishing that s and

t are indeed analogue w.r.t. some relevant feature does not yet provide any

information about whether the hypotheses about these systems are more likely

to be true or false. What it gives us, however, is a good reason to believe

that they are more likely to be true or false together. Since this basic intuition

underlying the connection of X to Hs and Ht will play a major role later on in

section 3, we shall keep it in mind.

Before we come to the second problem, let us briefly state that replacing

Equation 2 by Equation 4 does indeed change nothing about the result that

analogical inference can be analyzed in terms of Bayesian updating:

Theorem 2.2. For every Bayesian network with the graph in Figure 1 whose

probability distribution satisfies Equations 1, 3, and 4: c(Ht; Es) > 0.

Next, let us come to the more severe problem announced in section 1. It

arises if we take the believed degree of similarity between the source and the

target system and the evidence for that similarity into account. That the simi-

larity required to get the analogical inference going cannot simply be postulated

a priori from the armchair, but needs some independent support, has been ar-

gued for in detail by Crowther et al. (2021) for the specific case of Hawking

radiation. We agree with Crowther et al. that independent support for the
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analogy is essential for analogical inference, but leave it open here of what kind

this support has to be.8 We allow for support in the form of empirical evidence,

but also for support in the form of testimony, expert assessments, or other forms

of evidence compatible with an orthodox Bayesian understanding of evidence.9

One way to add such independent evidence to the model that suggests itself is

to use reliability models, which have been investigated in detail in (Bovens &

Hartmann, 2003).10 These models allow us to represent independent evidence

as well as to manipulate the believed degree of similarity between the source and

the target system by varying the believed degree of reliability of the evidence’s

source.

A suitable reliability model would be a Bayesian network with the graph

depicted in Figure 3 that satisfies the probabilistic constraints in Table 1, where

a > 0. EX represents the independent evidence about the structural similarity

expressed by X, while RX stands for the reliability of this evidence’s source.

As before, EX stands for positive evidence and ĒX for negative evidence for

X. RX stands for the source being reliable, while R̄X stands for the source not

being reliable. That both RX and X are root variables reflects the assumption

that the reliability of the source is not biased (i.e., influenced by the degree of

similarity between s and t).

The probabilistic constraints in Table 1 allow for modelling the believed de-

8For non-empirical support for the universality arguments used by Dardashti et al. (2019),

see (Field, 2021).

9See, for example, Bayesian formalizations of the no alternatives and the no miracles

argument (cf. Dawid, Hartmann, & Sprenger, 2014; Sprenger, 2015; Sprenger & Hartmann,

2016).

10For other applications of reliability models see, for example, (de Pretis Francesco, Lan-

des, & Osimani, 2019; Henderson & Gebharter, 2021; Landes, Osimani, & Poellinger, 2017;

Osimani & Landes, 2020).
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Figure 3: Reliability model for the similarity hypothesis X

X RX Pr(EX ∣X,RX)
0 0 a

0 1 0
1 0 a

1 1 1

Table 1: Constraints on the conditional probabilities Pr(EX ∣X,RX) constitut-

ing a reliability model (where a > 0)

gree of similarity on the basis of the evidence EX and the believed degree of

reliability of its source. If the source is believed to be unreliable, then the proba-

bility to find the evidence is a, regardless of whether the similarity hypothesis X

is true or false. If the evidence’s source is believed to be reliable, then the truth

of the similarity hypothesis does with certainty produce the evidence EX and

its falsity does with certainty produce the counter-evidence ĒX . As a result,

assigning probability 0 to RX renders the posterior probability of X equal to the

prior probability of X, and assigning probability 1 to RX results in X’s posterior

probability being 1 or 0, depending on whether EX or ĒX is observed. The full

range of posterior probabilities of X between these two extremes can be cap-

tured by assigning probabilities greater than 0 and smaller than 1 to RX . Since

these posterior probabilities will represent the believed degree of similarity, all

logically possible believed degrees of similarity can be modelled by varying the

12
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Figure 4: Model for analogical inference taking independent evidence for the

similarity hypothesis as well as the reliability of its source into account

probability distribution over RX .11

We are now able to combine our Bayesian model for analogical inference and

the reliability model for X. We thus arrive at the Bayesian network whose graph

is depicted in Figure 4. Finally, we can assess the confirmatory impact of Es

on Ht under variations of the believed degree of similarity of the source and the

target system by computing the confirmatory impact of Es on Ht conditional

11The probability distribution over RX is interpreted similarly as the one over X: Pr(RX)

represents the believed degree of reliability. Accordingly, if believed degree of reliability is

measured by a function bdr normalized to the interval [0,1], then

bdr = 1 ⋅ Pr(RX) + 0 ⋅ Pr(R̄X)

reduces to Pr(RX), which makes Pr(RX) perfectly suitable to capture the believed degree

of reliability.
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on the evidence about the similarity EX as follows:

c(Ht; Es∣EX) = Pr(Ht∣Es,EX) − Pr(Ht∣EX)

With all these assumptions in place, we can now make the following observations

about our Bayesian model for analogical inference:12

Theorem 2.3. For every Bayesian network with the graph in Figure 4 whose

probability distribution Pr satisfies Equations 1, 3, and 4 as well as the con-

straints in Table 1:

(a) c(Ht; Es) > 0.

(b) If Pr(RX) = 1, then c(Ht; Es∣EX) = 0.

Theorem 2.4. For some Bayesian networks with the graph in Figure 4 whose

probability distribution Pr satisfies Equations 1, 3, and 4 as well as the con-

straints in Table 1 there exist distributions Pr∗ resulting from Pr by increasing

Pr(RX) while keeping all other parameters fixed such that: Pr∗(RX) < 1 and

c∗(Ht; Es∣EX) < c(Ht; Es∣EX).

Let us briefly have a closer look at what these observations mean for our

model as a general Bayesian model for analogical inference and why they are

12For Theorems 2.3 and 2.4, we manipulated the degree of similarity between the source and

the target system by varying the reliability of the source represented by Pr(RX) conditional

on the independent evidence EX . As is easy to see from the proofs, similar theorems can

be proven by directly manipulating Pr(X). We decided to state our theorems on the basis

of the expanded model shown in Figure 4 for three reasons: It (i) reflects Crowther et al.’s

(2021) observation that some sort of evidence is essential for analogical inference, (ii) shows

that taking such independent evidence into account cannot solve the problems expressed by

Theorems 2.3 and 2.4, and (iii) allows us to treat our model for analogical inference based on

Dardashti et al.’s (2019) model as well as the one we will develop in section 3 in a unified way,

which requires a technical device like the reliability model since the probability distribution

over X cannot be manipulated directly in the latter model.
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problematic. We start with Theorem 2.3(a), which restates Theorems 2.1 and

2.2 for the expanded model in Figure 4. The expanded model shows that this

result is problematic. Theorem 2.3(a) tells us that even if the evidence EX

about the structural similarity between the source and the target system is not

considered at all, the evidence about the source system Es has some confirma-

tory impact on the hypothesis about the target system Ht. This contradicts

scientific practice: If one does not have independent support for the structural

similarity, may it be in the form of empirical evidence as Crowther et al. (2021)

demand or in other forms, analogical inference should not be licensed. A sup-

porter of the model can accommodate this observation by restricting its domain

of application, in particular, by requiring that the model is only suitable to

capture analogical inference if independent evidence EX is available and taken

into account. The model is simply not applicable otherwise.

Let us now turn to Theorem 2.3(b). It says that if we have perfect evidence

(conditioning on EX and assigning probability 1 to RX) that the source and the

target system are similar with respect to features relevant for Hs and Ht, then

observing the evidence about the source system Es results in no confirmatory

impact on the hypothesis about the target system at all.13 In many cases

involving extrapolation this stands in stark contrast to our intuitions about

scientific practice. In such cases one would think that the more similar the

scientist considers the two systems under consideration to be, the more reliable

the analogical inference should become. Recall, for example, the rat study case:

Assuming that we believe that the similarity of the immune system of the rats

used in the study and the human immune system is maximal when it comes to

the response of the kind of antiviral compound we want to test should give us as

13Note that this observation is not in tension with the assumption that the prior probability

of X is non-extreme (Equation 1).
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much confidence as we can hope for when inferring that the compound will work

in the same way on humans as it does on rats. Though this move would seem a

bit ad hoc, a supporter of the model could accommodate also this observation by

further restricting the domain of application: What Theorem 2.3(b) ultimately

shows is that the model does not work for the extreme case in which the source

of the independent evidence EX is believed to be perfectly reliable.

Finally, the probably most cumbersome observation is expressed in Theo-

rem 2.4. It says that there are not only cases in which the believed degree of

similarity of the source and the target system going up (represented by increas-

ing the prior probability of RX while conditioning on EX) goes hand in hand

with the degree of the confirmatory impact Es has on Ht, but also cases in which

the degree of confirmatory impact Es has on Ht goes down while the believed

degree of similarity goes up. An example is provided in Figure 5.14 This, again,

stands in stark contrast to our intuitions and scientific practice, especially in

contexts involving extrapolation. It conflicts, for example, with the attempt to

breed strands of rats whose immune system behaves as similarly as possible to

the human immune system. This problem seems not to be easily resolvable by

further narrowing down the domain of application since it does not only plague

extreme cases like the other problems expressed by Theorem 2.3. Theorem 2.4

covers a wide range of non-extreme probability assignments to RX . Even when

ignoring the extreme case where the scientist believes in maximal structural

similarity, an increase in the believed degree of similarity between the source

and the target system should continuously boost the confirmatory impact the

evidence Es has on Ht.

In the next section, we will suggest a modification of the model that results

14For the model’s parameters used to produce this example, see the proof of Theorem 2.4

in the Appendix.
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Figure 5: Graph showing that an increase in the believed degree of similarity

can coincide with a decrease in confirmatory impact even in non-extreme cases

in an alternative Bayesian model for analogical inference that takes into account

the basic intuitions conflicting with Theorems 2.3 and 2.4 we discussed above.

In section 4 we will come back to the problems discussed above and argue that

though they arise for a certain type of analogical inference, there is another type

actually better covered by the network structure and the formal assumptions

made by Dardashti et al. (2019): confirmation via a theoretical model or theory.

3 Analogical inference Bayesian style 2.0

Here are two possibilities of how the original model could be modified in order

to avoid the problematic observations made in section 2. One could reconsider

(i) the structure of the Bayesian network in Figure 4 or (ii) the constraints on

the Bayesian network’s probability distribution expressed in Equations 1, 3, and

4. Sticking to the original graphical structure and only modifying some of the

probabilistic constraints does, however, not seem too promising. Equation 1
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says that one’s believed degree of similarity between s and t should not be

extreme. This nicely fits scientific practice: We do not want to exclude that

the believed degree of similarity can be changed later on.15 Equation 3 is a

standard assumption made in Bayesian epistemology (cf. Bovens & Hartmann,

2003). It simply expresses that Es is evidence for Hs. Finally, as we already

saw in section 2, also Equation 4 is plausible: The structural similarity of the

source and the target system renders Hs and Ht more likely to be true or false

together. Without this assumption it could not be guaranteed that the outcome

of the rat study, for example, means that a similar outcome could be expected

if the experiment would be repeated on humans.

For the reasons mentioned above, we opt for option (i): changing the graph

of the Bayesian network. Let us have a brief look at the different structural

elements of the original graph. The edge between Hs and Es corresponds to

the standard representation in Bayesian epistemology of the assumption that

Es (or Ēs) is direct evidence for Hs (or H̄s). Observing Es (or Ēs) can have

a probabilistic effect on other variables only through Hs. This is captured by

the fact that the edge between Hs and Es is the only edge connecting Es to

one of the other variables in the graph. Thus, this edge seems justified. As we

already saw in section 2, a path between Hs and Ht going through X (without

any other connection between Hs and Ht) is also required. This reflects the

idea that any probabilistic influence between the source and the target system

can only be due to their similarity modelled by X. However, Hs ←Ð X Ð→ Ht

is not the only structure that can do this job. All in all, there are four possible

candidate structures:

(a) Hs ←ÐX Ð→Ht

(b) Hs Ð→X Ð→Ht

15An extreme distribution over X cannot be changed by conditioning on other variables.
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(c) Hs ←ÐX ←ÐHt

(d) Hs Ð→X ←ÐHt

Each one of these structures can be combined with different orientations of the

edge between Hs and Es. Sticking to (a) and flipping the arrow Hs Ð→ Es

would not allow for any change of Ht’s probability distribution after observing

Es’s value. Since the concatenation of (a) and Hs Ð→ Es and the concatenation

of (b) and Hs Ð→ Es are probabilistically indistinguishable (Definition 6.5 in

the Appendix), replacing (a) by (b) would still result in the problematic obser-

vations made in section 2. The same goes for combining (b) with a flipping of

the arrow Hs Ð→ Es. Replacing (a) by (c) would not help either. The concate-

nation of (c) and Hs Ð→ Es would also result in a graph that is probabilistically

indistinguishable from the concatenation of (a) and Hs Ð→ Es. Again, flip-

ping the arrow Hs Ð→ Es would not help, since the concatenation of (c) and

Hs ←Ð Es would not allow for any change of Ht’s probability distribution after

observing Es’s value. Finally, only structure (d) is left. The structure result-

ing from (d) by adding Hs Ð→ Es and the one resulting from (d) by adding

Hs ←Ð Es are probabilistically indistinguishable. Since the arrow Hs Ð→ Es is

closer to the original model which we already investigated in section 2, we focus

on this structure and explore its merits in the remainder of this section.

First of all, let us expand the concatenation of (d) and Hs Ð→ Es by a reli-

ability model for X. The graph of the resulting Bayesian network is depicted in

Figure 6. As before, we need to consider relevant constraints for the probability

distributions to be associated with this graph. Again, we consider Es (or Ēs)

to be direct evidence for Hs (or H̄s). Thus, we stick to the original Equation 3.

In our alternative model we have the two variables Hs and Ht replacing X as

the only root variable. We follow Dardashti et al. (2019) in assuming that the

probability distributions over our core model’s root variables are non-extreme.
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Figure 6: Alternative model for analogical inference

Thus, we assume that:

∀i ∈ {s, t} ∶ 0 < Pr(Hi) < 1 (5)

The motivation for Equation 5 is similar to the motivation for the original

Equation 1: Since science is fallible, it should always be possible that new

incoming evidence impacts our current beliefs.

Finally, we need to consider how exactly the probabilistic mechanism un-

derlying the substructure Hs Ð→ X ←Ð Ht works. We propose the following

probabilistic constraint for characterizing this mechanism:

xH = x ¯̄
H
> xH̄ (6)
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The new expressions in Equation 6 are defined as follows:

xH ∶= Pr(X∣Hs,Ht)

xH̄ ∶= Pr(X∣Hs, H̄t) = Pr(X∣H̄s,Ht) (7)

x ¯̄
H
∶= Pr(X∣H̄s, H̄t)

The motivation for the probabilistic mechanism underlying Hs Ð→ X ←Ð Ht

is closely related to the one we gave for Equation 4 in section 2. A relevant

structural similarity between the source and the target system (as postulated

by X) would render the two hypotheses Hs and Ht more likely to be true or

false together. This also goes the other way round: If the two hypotheses Hs

and Ht are true or false together, this makes it for the very same reasons more

likely that the two systems share relevant structural similarities, which would

explain why both hypotheses are true or false together. This basic intuition is

expressed by the inequality sign in Equation 6. This can be illustrated by means

of the rat study example: If the immune system of rats indeed functions like the

immune system of humans, then it is more likely that the antiviral compound

to be tested leads to the intended effect for both or for none of these two kinds

of organisms. And vice versa: The fact that it leads to the intended effect for

both or for none of the two types of organisms increases the probability that

their immune systems indeed share relevant features, which would explain that

both types of organisms react to the antiviral compound in the same way.

We can say even more about the mechanism underlying Hs Ð→ X ←Ð Ht:

If rats and humans indeed share relevant structural similarities, this will not

discriminate between whether the antiviral compound will work on both or on

none of the two kinds of organisms. The structural similarity tells us only that

the two types of organisms will more likely react in the same way to the test,

but nothing more. This is expressed by the part of Equation 6 stating that
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xH = x ¯̄
H
. A similar line of thought can be used to motivate the part stating

that Pr(X∣Hs, H̄t) = Pr(X∣H̄s,Ht) in Equation 7: A relevant structural simi-

larity between the immune systems of rats and humans would not discriminate

between the case in which Hs is true and Ht is false and the case in which Hs

is false and Ht is true. It would only tell us that it is more likely that both

hypothesis are either true or false together than it is that one is true and the

other is false.

With all the assumptions and constraints on our model’s probability dis-

tribution introduced above, we can now explore our model’s suitability as an

alternative model for analogical inference. The first observation we can make is

the following:

Theorem 3.1. For every Bayesian network with the graph in Figure 6 whose

probability distribution Pr satisfies Equations 5, 6, and 7 as well as the con-

straints in Table 1: If Pr(RX) > 0, then c(Ht; Es∣EX) > 0.

Theorem 3.1 does the same job Theorem 2.1 did for Dardashti et al.’s (2019)

original model: It shows that the model allows for analogical confirmation if cer-

tain assumptions are met. The model thus spells out conditions under which

analogical inference qualitatively agrees with Bayesian updating. Note that pos-

itive confirmatory impact of Es on Ht requires evidence EX about the structural

similarity to be taken into account. To this end, also the prior probability of

RX needs to be positive. This is not surprising, since Pr(RX) = 0 would mean

that the source of the evidence EX for the structural similarity hypothesis X is

believed to be absolutely unreliable. Observing the evidence EX would then tell

us nothing more than if we had no access to this piece of evidence at all. (See

Theorem 3.3 below for further discussion.)

Another interesting observation we can make is that all of the plausible

probabilistic constraints from section 2 for Dardashti et al.’s (2019) original
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model are also met by our alternative model:16

Theorem 3.2. The probability distribution Pr of every Bayesian network with

the graph in Figure 6 that satisfies Equations 5, 6, and 7 as well as the con-

straints in Table 1 also satisfies the assumptions expressed by Equations 1 and

4.

Finally, and most importantly, our alternative model does not give rise to

the problematic Theorems 2.3 and 2.4. Instead, it naturally captures the intu-

itions about analogical inference discussed in section 2 which stand in conflict

with Theorems 2.3 and 2.4. These intuitions are captured by the following

observation:

Theorem 3.3. For every Bayesian network with the graph in Figure 6 whose

probability distribution Pr satisfies Equations 5, 6, and 7 as well as the con-

straints in Table 1:

(a) c(Ht; Es) = 0.

(b) If Pr(RX) = 1, then c(Ht; Es∣EX) =max.

(c) For every probability distribution Pr∗ resulting from Pr by increasing

Pr(RX) while keeping all other parameters fixed: c∗(Ht; Es∣EX) > c(Ht; Es∣EX).

Theorem 3.3(a) together with Theorem 3.1 captures the basic intuition un-

derlying the sort of analogical inference instantiated by our example on model

organisms to the effect that analogical inference should be based on some ev-

idence about the similarity of the source and the target system. In terms of

the model, this means that Es should confirm Ht to some extent only if one

16We avoided the assumption expressed by Equation 3 in Theorem 3.2 since it is one of the

basic assumptions our model shares with Dardashti et al.’s (2019) and, thus, does not need

to be proven.
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has access to evidence EX about the similarity and the source of the evidence

is believed to be somewhat reliable (i.e., Pr(RX) > 0), while there should be

no confirmatory impact on Ht if EX is not considered at all. This is also in

line with Crowther et al.’s (2021) observation that analogical inference requires

independent support for the analogy.

Theorem 3.3(b) captures another basic intuition discussed in section 2: Be-

lieving that the source and the target system are maximally similar w.r.t. some

relevant feature—that is in terms of the model conditioning on the independent

evidence EX and assigning maximal reliability to the source providing us with

this evidence—should give us as much confirmatory impact of Es on Ht as pos-

sible. Decreasing the degree of reliability of the source to any value smaller than

1 would result in a smaller degree of confirmation.

Finally, Theorem 3.3(c) reflects the basic intuition that increasing the be-

lieved degree of similarity between the source and the target system—that is

in terms of the model conditioning on EX and increasing the reliability of the

source—, increases the confirmatory impact Es has on Ht as well. This also

nicely matches extrapolation via analogy: The more similar we believe the im-

mune system of rats and the human immune system are, the more impact do

the findings in the rat study have on the expected effectiveness of the antiviral

compound on humans.

4 Comparing the two models

For easier reference, we will from now on refer to Dardashti et al.’s (2019)

original model expanded by the reliability model as shown in Figure 4 as the

common origin model and to our alternative model with the graph in Figure 6

as the collider model.17 So far, we were mainly concerned with the technical

17A collider is a variable with two incoming arrows (cf. the Appendix).
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results which showed that there are cases that are more adequately represented

by the collider model than by the common origin model. Thus, the common

origin model cannot serve as a general model for analogical inference. But what

about the collider model? Can this model serve as a general model for analogical

inference?

To answer this question, let us discuss whether there are any epistemic rea-

sons for which we should prefer one way or the other to model analogical rea-

soning. Is there any diversity in the inferential paths underpinning different

sorts of analogical reasoning that would justify the adoption of the common

origin model vs. the collider model? Why should the variable X, standing for

the similarity hypothesis, be treated as a common origin in one case and as a

collider in another? We propose that both models have their proper place in

scientific reasoning and may be taken to reflect specific epistemological dynam-

ics. Probability (and therefore information) is propagated differently in the two

models, and this may reflect the epistemic inputs and outputs in such diverse

contexts.

From now on, we will look at two different interpretations of the similarity

hypothesis X which we will label X1 and X2.18 Let us start with having another

look at the rat study case introduced earlier in order to highlight the inferential

patterns associated with such distinct probability kinematics. So far, we were

following the traditional literature on analogical inference and understood the

similarity hypothesis X as follows: X1 says that the immune systems of rats

and humans are similar w.r.t. a certain feature. We assumed that this feature

is relevant for the truth of the hypotheses Hs and Ht, but there might be other

18We would like to emphasize that this paper is not intended as a critique of Dardashti

et al.’s (2019) application of their model to Hawking radiation. We thus leave it open under

which type of interpretation their particular understanding of X as representing universality

arguments falls.
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features only realised by one of the two systems or not relevant for the truth of

the hypotheses Hs and Ht. As we argued in sections 2 and 3, this understanding

of the similarity hypothesis is best represented by the collider model.

However, there is another interpretation of the similarity hypothesis X that

is, so we will argue, better represented by the common origin model. In this

interpretation, X2 states a theoretical model or general theory T about immune

systems. Here we assume that rats and humans both fall in the domain of T.

T might be a causal model or a set of equations or functions, but it might also

be a full-fledged theory stating a set of strict or probabilistic laws.

The main difference between X1 and X2 is that X2 requires much more than

X1 does. X1 only requires the immune systems of rats and humans to be similar

w.r.t. a feature relevant for the truth of Hs and Ht. It resembles a black box:

Though we know some of the features of these systems, we have no information

about how they are related (by laws, equations, causal relations, etc.). Thus,

we cannot draw any conclusions about whether the hypotheses Hs and Ht are

more likely to be true or false from the similarity of s and t w.r.t. the feature

under consideration. We do only know that rats are more likely to react to the

antiviral compound in the same way as humans do. Thus, the more similar

we believe s and t to be w.r.t. the feature of interest, i.e., the more Pr(X1)

approaches 1, the more impact observing evidence for the effectiveness in rats

will have on the likelihood of the antiviral compound to be effective in humans,

which is exactly what the collider model tells us.

X2, on the other hand, gives us not only information about the presence

of features relevant for the truth of the hypotheses about rats and humans,

but also tells us how these factors are connected to each other (and to other

factors). It resembles a white box: We have information about how the different

features present in the immune systems of rats and humans are related to each
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other (by laws, equations, causal relations, etc.). Thus, we can make inferences

about how the antiviral compound will work in humans based on X2. These

inferences can be strict or probabilistic, depending on the specific model or

theory (e.g., structural equation model without vs. structural equation model

with error terms, classical physics vs. pharmacology, etc.).

Let us assume that we indeed have independent evidence EX2
for X2 which

postulates a theory that covers different domains (such as s and t), and that we

are not absolutely certain about X2 (i.e., Pr(X2) is not extreme). Thus, we can

make predictions about whether the antiviral compound will work on humans

based on such a theory. If we do the rat case study in addition and the result

agrees with our prediction on the basis of the theory, this will give us even more

confidence in our prediction. Thus, conditioning on Es will always increase the

confirmatory impact on Ht we already get from our confidence in the truth of

the theory being shared by both domains (represented by conditioning on the

independent evidence EX2
together with a non-extreme probability Pr(RX2

)).

However, the more certain we become about the truth of X2 (i.e., the more

we increase Pr(RX2
)), the stronger our confidence about Ht becomes. As a

consequence, an independent study on a model organism will not give us that

much of a boost in confirmation of Ht anymore. Thus, it becomes plausible

that at some point an increase in certainty that the theory postulated by X2 is

correct goes hand in hand with a decrease of the confirmatory impact Es has on

Ht, which is exactly what Theorem 2.4 tells us about the common origin model.

Let us turn to the extreme case next: If we had certain knowledge that the

theory is true, then we would have all the information we can ever hope to get

for whether the antiviral compound works on humans. Carrying out the rat

study would not give us any additional information about Ht in that case. The

same would be true if we condition on X̄2. Since postulating the theoretical
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model or theory was all that linked the source and the target system together,

these systems can be expected to be independent if the theory (or the fact that

it covers both domains) is rejected with certainty. These two observations are

exactly what Theorem 2.3(b) states for the common origin model: Fixing X2

to any of its values will render Ht independent of Es. Thus, the epistemic

situation where we have some reason to believe that a specific theoretical model

or full-fledged theory applies to diverse fields of reality is better captured by the

common origin model than by the collider model.

Before we move on, we need to highlight one caveat: While confirmation via

a theoretical model or theory agrees with Theorems 2.3(b) and 2.4 and, thus,

nicely fits the epistemic situation represented by the common origin model,

Theorem 2.3(a) is still problematic. The latter stands in contrast to Crowther

et al.’s (2021) observation that evidence about the source system should be

able to confirm the hypothesis about the target system only if the similarity

hypothesis, that is X2 in our example, has some independent support. In terms

of the model this means that Es should confirm Ht only conditional on EX2
.

We see no easy way to fix this problem in terms of the model and, thus, propose

to follow the suggestion already discussed in section 2: Restrict the domain of

application of the common origin model to cases where independent evidence

EX2
is available.

Let us now once again come back to the collider model. Can we say more

about the epistemic situations adequately represented by it? The collider model

seems to provide a valuable way to exemplify cases of extrapolation via analogy

and extrapolation based on sampling assumptions such as the extrapolation of

results from in vivo studies (experiments on animals) to humans, on the basis of

some shared features, or the extrapolation of evidence from a study population

to a target population based on statistical considerations (sampling procedures,
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design protocols, etc.).19

Leaving aside cases of extrapolation exclusively relying on statistical con-

siderations, and focusing on extrapolation via analogy, we observe that, in this

case, the similarity between model and target is given by nature on the basis of a

more or less loose set of shared features. Knowledge about similarity is typically

incomplete and exact theoretical (or empirical) mechanisms may be inaccessible.

What matters is that evidence about a specific process or an outcome in a given

setting legitimates the idea that something similar may plausibly be considered

to be at play elsewhere. In extrapolation via analogy, similarity is based on

partial knowledge of both systems: The more we know about the features of

the source and the target system, the more we learn about their similarity and,

through such similarity, the more the two become epistemically dependent and

relevant to each other.

We propose that our distinction between confirmation via theoretical model

or theory vs. extrapolation via analogy, based on probability kynematics, can be

considered as an ideal criterion for separating the two. Theoretical models are

obviously affected by many uncertainties, equivocation, and noise (cf. Suárez &

Bolinska, 2021). However, we think that the following qualitative features give

further support to our distinction:

19Justification grounded on sampling procedures relies on the causal mechanisms under-

pinning the sampling process, i.e., on how the statistical units are selected from the target

population and get included in the sample. Instead, in the phylogenetic case, extrapolation

is justified because the model organism is taken to derive from a branch of the same tree to

which the target organism belongs to (so the causal structure regards here the phylogenetic

relations among species and taxa) (see also Levy & Currie, 2015). Although the former case

can, strictly speaking, not be considered as an example of analogical reasoning, it shares with

the latter the idea that sampling from a population/species (e.g., mammals) may give us plau-

sible reasons for thinking that biological or other mechanisms observed in the sample may be

at work also in the larger population, and therefore in other taxa of the same species.
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1. Whereas X2 makes a theoretical postulate enjoying some independent ev-

idential support, X1 states more or less firmly established facts.

2. Consequently, the mapping between components and relations of the source

and target system relevant for the analogy is explicit in X2 (white box),

whereas it tends to be ambiguous in X1 (black box): It is impossible in

principle to measure the noise and the equivocation of the model with

respect to the target (Suárez & Bolinska, 2021; Bolinska, 2013).

3. To draw on Goodman’s (1976) distinction between notational and dense

systems of representation, one could see X1 and X2 as representing two

qualitatively distinct ways to provide an inferential basis for transferring

information associated with Hs to Ht. The common origin model based

on a given law or set of laws resembles the way ideal notational systems

ground the assignment of relata to notational signs (e.g., musical score). It

can be thought as a white box in the terms mentioned above. Vice versa, in

dense systems (e.g., painting and visual arts in general), neither signs nor

their relata are discrete entities, let alone connected by functions or laws.

Hence their interpretation is grounded on empirical facts or associations

(black box).

In general, in the case of model organisms the similarity between the source

and the target system is presumed on the basis of empirical knowledge and the

joint implications of several overarching theories (biology, physiology, chemistry,

etc.), which are not directly under test, and only indirectly contribute to gener-

ate the hypothesis of similarity. Also the scope of the inference differs in the two

settings: Whereas in confirmation via theoretical model or theory the inference

regards the behaviour of the system represented by the theoretical model or

theory as a whole, in the case of extrapolation by analogy the inference refers

only to specific (black box) mechanisms observed in the model organism and ex-
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trapolated to another species. All the other mechanisms and inner workings of

the two systems may not be directly accessible and transparent to the modeller.

Hence, accruing evidence about the similarity of the two systems in general may

provide further support to the hypothesis that the mechanism observed in the

model also holds in the target.20

Summarizing, the two models formalize circumstances where analogical in-

ference is grounded in different inputs, outputs, and types of (indirect) evidence.

The common origin model represents cases where we have reasons to assume

that the two systems share a richer common theoretical structure (in the form

of laws, equations, etc.) which can be used to generate predictions about the

truth of Hs and Ht. These reasons may, for example, stem from evidence about

the similarity of the phenomenological behaviour of the two systems (see, e.g.,

the use of simulations in systems biology, Osimani & Poellinger, 2020). In the

collider model, on the other hand, the hypothesis of similarity typically con-

solidates via the discovery of features shared between the two domains. This

typically does not involve a deeper understanding of the underlying laws relevant

for the truth of Hs and Ht. It can, however, in turn strengthen the hypothesis

that the target system shares also other features, which have been empirically

established only in the source system.

5 Corollary: Breaking the extrapolator’s circle

An important consequence of the previous observations is that the collider model

can help to break the so-called extrapolator’s circle (Steel, 2007). This sort

of epistemic paradox is pervasive in evidence-based policy and medicine and

20This feature is shared with extrapolation via sampling assumptions, where results in a

study population are transferred to the general population, on the basis of methodological

features such as research design, study protocol, and sampling procedures.
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regards the fact that in order to apply evidence about causal effects observed

in a source domain to another target domain, one needs to be confident enough

about the fact that the latter is sufficiently similar in a causally relevant way

to the former (cf. Cartwright, 2012; Cartwright & Hardie, 2012; Reiss, 2010).

However, in order to know that this assumption is met, one would need to

have sufficient causal knowledge about the target setting, which would make

the extrapolation redundant. There has been several attempts to solve the

circle, all relying on partial knowledge about the source and target structures

complemented by indirect evidence about the similarity assumption itself (Steel,

2007). Khosrowi (2019) in particular advances the importance of integrating

qualitative evidence about the similarity of the two systems at stake, i.e., our

EX , with quantitative methods developed in econometrics to account for the

role of interactive covariates (Hotz, Imbens, & Mortimer, 2005; Muller, 2015).21

These proposals are based on pragmatic-methodological considerations:

“If qualitative evidence increases our confidence that crucial features

of causal mechanisms are qualitatively similar between populations

[...] this can offer important support (although perhaps not full-

fledged warrant) for the assumptions that are necessary for interac-

tive covariate-based extrapolation to proceed. If this is successful,

interactive covariate-based strategies may justifiably be used to ob-

tain quantitative prediction of causal effects.” (Khosrowi, 2019)

Our Bayesian formalization of extrapolation (via analogy) provides the re-

quired epistemic justificatory underpinning for this sort of inferential proce-

dures, in that, by allowing probabilistic assessment (and updates) about the

similarity of the two systems itself, it does not require full knowledge of the

21Causal factors that mediate the intensity of the causal effect of the treatment variable in

different ways in different settings.
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relevant causal mechanisms to get the extrapolation going, but at the same

time it grounds the inferential leap on a consolidated approach to probabilistic

inference. Furthermore, it shows how independent evidence EX about X and

its degree of reliability Pr(RX) may contribute to updating Ht.

6 Conclusion

We started this paper with the question of whether Dardashti et al.’s (2019)

model for establishing Hawking radiation by analogical inference can be under-

stood as a general Bayesian model for analogical inference. In section 2 it turned

out that there are situations in which the model fails to capture important ba-

sic intuitions about certain types of analogical inference. In section 3 we then

proposed an alternative model that can take these basic intuitions into account.

In section 4 it turned out that also our alternative model falls short of being

a general Bayesian model for analogical inference. Actually, there are different

types of analogical inference and different epistemic situations that require a

different formal treatment in terms of these models.

The interpretation of X, that is, the epistemic basis of the similarity as-

sumption, determines the justificatory structure of the inference, and, in turn,

the topology of the Bayesian network. We formally vindicate Levy and Cur-

rie’s (2015) distinction between theoretical models and model organisms (pace

Weisberg, 2012), furthermore we provide a structure that allows to clearly expli-

cate the role played by independent evidence about the similarity hypothesis X,

and also by knowledge about the reliability of the source of such evidence (e.g.,

sampling procedures, randomization, and design protocols more generally).

The Bayesian formalization is not only interesting for illustrating the updat-

ing dynamics and implications at work in different evidential contexts. It is also

interesting because the network topology sheds light on the kind of inference
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at place and the related justificatory structure. Modeling diverse types of ana-

logical inference through different Bayesian networks points to further avenues

of research focusing on the interplay between semantic, ontological, and epis-

temic dimensions of scientific inferences (see also Godfrey-Smith, 2006; Bueno,

2021). Finally, Bayesian models of analogical inference (and especially the col-

lider model) might also be useful for breaking the extrapolation circle (Steel,

2007). Further exploring these issues is a topic for future research.

Appendix

Bayesian networks

A Bayesian network is a structure ⟨V,E, P r⟩. V is a set of random variables

X1, ...,Xn, E is a binary relation on V, where ⟨Xi,Xj⟩ ∈ E can be represented

graphically by a directed edge Xi Ð→ Xj . Any concatenation of directed edges

(regardless of their direction) connecting two variables Xi and Xj is called a

path between Xi and Xj . G = ⟨V,E⟩ is assumed to be a directed acyclic graph

(DAG), meaning that G does not feature paths of the form Xi Ð→ ... Ð→ Xi.

Finally, Pr is a probability distribution over V. For a structure ⟨V,E, P r⟩ to

count as a Bayesian network, it is required to satisfy the Markov factorization

Pr(x1, ..., xn) =
n

∏
i=1

Pr(xi∣par(Xi)),

where x1, ..., xn are individual variables ranging over the possible values of

X1, ...,Xn and par(Xi) stands for the instantiation of Par(Xi) to the values

appearing on the left hand side of the equality sign. Par(Xi) is the set of Xi’s

parents which consists of all the variables Xj ∈V for which Xj Ð→Xi holds.

Bayesian networks do not add anything that could not also be expressed in

terms of probabilities alone, but they can often simplify probabilistic reasoning
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and help in visualizing constraints on one’s probability distribution. By looking

at a Bayesian network’s graph one can, for example, read off some of the proba-

bilistic independence relations implied by the network’s structure. In particular,

a structure ⟨V,E, P r⟩ satisfying the Markov factorization is equivalent with it

satisfying the following condition as well:

Definition 6.1 (Markov condition). ⟨V,E, P r⟩ satisfies the Markov condition

if and only if every Xi ∈V is probabilistically independent of its non-descendants

conditional on its parents.

A variable Xi’s non-descendants are all the variables in V which are not

among its descendants. A variable Xi’s descendants are all those variables

Xj ∈V for which Xi Ð→ ...Ð→Xj holds. For technical reasons, Xi is considered

to be its own descendant.

For DAGs, the Markov condition is equivalent with the d-separation criterion

(Pearl, 2000, sec. 1.2.3):

Definition 6.2 (d-separation criterion). ⟨V,E, P r⟩ satisfies the d-separation

criterion if and only if for all X,Y,Z ⊆ V (with X ∩Y = ∅, X ∩ Z = ∅, and

Y∩Z = ∅): If X and Y are d-separated by Z, then X and Y are probabilistically

independent conditional on Z.

Definition 6.3 (d-separation). Let G = ⟨V,E⟩ be a DAG and X,Y,Z ⊆ V

(with X ∩Y = ∅, X ∩ Z = ∅, and Y ∩ Z = ∅). Then X and Y are d-separated

by Z if and only if X and Y are not d-connected given Z.

Definition 6.4 (d-connection). Let G = ⟨V,E⟩ be a DAG and X,Y,Z ⊆ V

(with X ∩Y = ∅, X ∩Z = ∅, and Y ∩Z = ∅). Then X and Y are d-connected

given Z if and only if there is an X ∈ X and a Y ∈ Y connected by a path π

such that:

(a) All non-colliders on π are not in Z, and
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(b) all colliders on π are in Z or have a descendent in Z.

A collider on a path π is a variable X such that Ð→X ←Ð is a part of π. The

concepts of d-connection and d-separation are useful because they allow one to

determine whether two sets of variables can be probabilistically dependent con-

ditional on a third set of variables by looking at the graph’s structure without

any need to do the corresponding probabilistic calculations. Finally, two graphs

that share the same d-connections and d-separations can form a Bayesian net-

work together with the same probability distributions. We refer to such graphs

as probabilistically indistinguishable:

Definition 6.5 (probabilistic indistinguishability). Two DAGs G = ⟨V,E⟩ and

G′ = ⟨V′,E′⟩ are probabilistically indistinguishable if and only if V =V′ and all

subsets of V and V′ share the same d-connection and d-separation relations.
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Proofs

For easier reference, we use the following notation:

x ∶= Pr(X) x̄ ∶= Pr(X̄)

xHsHs
∶= Pr(X∣Hs,Ht) x̄HsHs

∶= Pr(X̄∣Hs,Ht)

xHsH̄s
∶= Pr(X∣Hs, H̄t) x̄HsH̄s

∶= Pr(X̄∣Hs, H̄t)

xH̄sHs
∶= Pr(X∣H̄s,Ht) x̄H̄sHs

∶= Pr(X̄∣H̄s,Ht)

xH̄sH̄s
∶= Pr(X∣H̄s, H̄t) x̄H̄sH̄s

∶= Pr(X̄∣H̄s, H̄t)

hs ∶= Pr(Hs) h̄s ∶= Pr(H̄s)

hsX ∶= Pr(Hs∣X) h̄sX ∶= Pr(H̄s∣X)

hsX̄ ∶= Pr(Hs∣X̄) h̄sX̄ ∶= Pr(H̄s∣X̄)

ht ∶= Pr(Ht) h̄t ∶= Pr(H̄t)

htX ∶= Pr(Ht∣X) h̄tX ∶= Pr(H̄t∣X)

htX̄ ∶= Pr(Ht∣X̄) h̄tX̄ ∶= Pr(H̄t∣X̄)

esHs
∶= Pr(Es∣Hs) ēsHs

∶= Pr(Ēs∣Hs)

esH̄s
∶= Pr(Es∣H̄s) ēsH̄s

∶= Pr(Ēs∣H̄s)

rX ∶= Pr(RX) r̄X ∶= Pr(R̄X)

eXXRX
∶= Pr(EX ∣X,RX) ēXXRX

∶= Pr(ĒX ∣X,RX)

eXXR̄X
∶= Pr(EX ∣X, R̄X) ēXXR̄X

∶= Pr(ĒX ∣X, R̄X)

eXX̄RX
∶= Pr(EX ∣X̄,RX) ēXX̄RX

∶= Pr(ĒX ∣X̄,RX)

eXX̄R̄X
∶= Pr(EX ∣X̄, R̄X) ēXX̄R̄X

∶= Pr(ĒX ∣X̄, R̄X)

Proof Theorem 2.1.

Theorem 2.1 was proven by Dardashti et al. (2019, Theorem 1). Since we will

rely on some steps of Dardashti et al.’s proof later on, we briefly reproduce
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it here. We need to show that c(Ht; Es) > 0 follows from the assumption in

Theorem 2.1. To this end, we show that

∆ ∶=
Pr(Ht,Es)
Pr(Es)

− Pr(Ht) > 0.

The probabilities figuring in this inequality can be computed as follows, where

α,β are defined as:

α ∶= hsXesHs
+ h̄sXesH̄s

β ∶= hsX̄esHs
+ h̄sX̄esH̄s

Pr(Ht,Es) = ∑
X,Hs

Pr(X,Ht,Hs,Es)

= ∑
X,Hs

Pr(X)Pr(Ht∣X)Pr(Hs∣X)Pr(Es∣Hs)

= xhtX(hsXesHs
+ h̄sXesH̄s

) + x̄htX̄(hsX̄esHs
+ h̄sX̄esH̄s

)

= xhtXα + x̄htX̄β (8)

Pr(Es) = ∑
X,Hs

Pr(X,Hs,Es)

= ∑
X,Hs

Pr(X)Pr(Hs∣X)Pr(Es∣Hs)

= xα + x̄β (9)

Pr(Ht) = ∑
X

Pr(X)Pr(Ht∣X)

= xhtX + x̄htX̄ (10)
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With Equations 8-10 we obtain

∆ =
xhtXα + x̄htX̄β

xα + x̄β
− xhtX + x̄htX̄

=
xx̄(htX − htX̄)(hsX − hsX̄)(esH − esH̄)

xα + x̄β
. (11)

By Equations 1-3, all simple terms in the fraction are greater than 1 and also

the results of the subtractions in the numerator are greater than 1. Thus, it

follows that ∆ > 0.

Proof Theorem 2.2.

We need to show that c(Ht; Es) > 0 also follows from the assumptions made in

Theorem 2.1 if Pr(Hi∣X) > Pr(Hi∣X̄) is replaced by Pr(Hi∣X) < Pr(Hi∣X̄) (for

i ∈ {s, t}). This follows directly from Equation 11: Again, all simple terms in

the fraction are greater than 1. But this time, (htX − htX̄) and (hsX − hsX̄) are

negative, while (esH − esH̄) is still positive. Thus, it follows that ∆ > 0.

Proof Theorem 2.3.

(a) Since marginalizing out {RX ,EX} from a Bayesian network with the graph

in Figure 4 results in a Bayesian network with the graph in Figure 2, the proba-

bility distribution of the latter will be the probability distribution of the former

restricted to {X,Ht,Hs,Es}. Thus, c(Ht; Es) > 0 is a direct consequence of

Theorem 2.2.

(b) We need to show that c(Ht; Es∣EX) = 0 if the assumptions in Theorem 2.3

hold and Pr(RX) = 1. To this end, it suffices to show that

∆∗ ∶=
Pr∗(Ht,Es)
Pr∗(Es)

− Pr∗(Ht) = 0,

where Pr∗(⋅) = Pr(⋅∣EX). As a first step, we show that Pr∗(X) = 1 follows from
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our assumptions. To this end, we compute Pr(X∣EX) as follows:

Pr(X∣EX) =
Pr(EX ∣X)Pr(X)

Pr(EX)

=
∑RX

Pr(EX ∣X,RX)Pr(RX)Pr(X)

∑X,RX
Pr(EX ∣X,RX)Pr(RX)Pr(X)

=
eXXRX

rXx + eXXR̄X
r̄Xx

eXXRX
rXx + eXXR̄X

r̄Xx + eXX̄RX
rX x̄ + eXX̄R̄X

r̄X x̄
(12)

By assumption, rX = 1. Thus, Equation 12 transforms to

Pr(X∣EX) =
eXXRX

x + eXXR̄X
0x

eXXRX
x + eXXR̄X

0x + eXX̄RX
x̄ + eXX̄R̄X

0x̄
. (13)

Since the conditional probabilities of a reliability model’s parameters are speci-

fied as in Table 1, Equation 13 transforms to

Pr(X∣EX) =
1x + 0x

1x + 0x + 0x̄ + 0x̄
= 1.

From Equation 11 we know that

∆∗ =
x∗x̄∗(htX − htX̄)(hsX − hsX̄)(esH − esH̄)

x∗α + x̄∗β
, (14)

where α,β are defined as in the proof of Theorem 2.1. Since x∗ = Pr∗(X) =

Pr(X∣EX) = 1, Equation 14 reduces to

∆∗ =
0(htX − htX̄)(hsX − hsX̄)(esH − esH̄)

x∗α + x̄∗β
. (15)

Since the numerator in Equation 15 is 0, it follows that also ∆∗ = 0.22

Proof Theorem 2.4.

The following table fully specifies a probability distribution Pr for the Bayesian

22We assume that ∆
∗
= 0 if the denominator in Equation 15 is 0.
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network in Figure 4 that satisfies all of the assumptions in Theorem 2.4. Again,

we assume that i ∈ {s, t}:

Pr(Es∣Hs) Pr(Es∣H̄s) Pr(Hi∣X) Pr(Hi∣X̄) a Pr(X)

0.9 0.1 0.9 0.1 0.5 0.1

Varying Pr(RX) while keeping all the other probabilities in this table fixed

produces the curve shown in Figure 5, where c(Ht; Es∣EX) = Pr(Ht∣Es,EX) −

Pr(Ht∣EX) can be computed as follows:23

Pr(Ht∣Es,EX) =
Pr(Ht,Es,EX)
Pr(Es,EX)

=
∑X,RX ,Hs

Pr(Ht∣X)Pr(Es∣Hs)Pr(Hs∣X)Pr(EX ∣X,RX)Pr(X)Pr(RX)

∑X,RX ,Hs
Pr(Es∣Hs)Pr(Hs∣X)Pr(EX ∣X,RX)Pr(X)Pr(RX)

=
hXesHs

hXxrX + hXesH̄s
h̄XxrX + hXesHs

hXaxr̄X + hXesH̄s
h̄Xaxr̄X+

esHs
hXxrX + esH̄s

h̄XxrX + esHs
hXaxr̄X + esH̄s

h̄Xaxr̄X+

hX̄esHs
hX̄ax̄r̄X + hX̄esH̄s

h̄X̄ax̄r̄X

esHs
hX̄ax̄r̄X + esH̄s

h̄X̄ax̄r̄X

Pr(Ht∣EX) =
Pr(Ht,EX)
Pr(EX)

=
∑X,RX

Pr(Ht∣X)Pr(EX ∣X,RX)Pr(X)Pr(RX)

∑X,RX
Pr(EX ∣X,RX)Pr(X)Pr(RX)

=
hXxrX + hXaxr̄X + hX̄ax̄r̄X

xrX + axr̄X + ax̄r̄X

This shows that there are distributions Pr∗ resulting from Pr by increasing

Pr(RX) while keeping all other parameters of the original Bayesian network

fixed such that: Pr(RX) < 1 and c∗(Ht; Es∣EX) < c(Ht; Es∣EX) > 0.

Proof Theorem 3.1.

23Since we assume that Pr(Hs) = Pr(Ht), we define hX ∶= hsX = htX.
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We need to show that c(Ht; Es∣EX) > 0 if Pr(RX) > 0 holds under the assump-

tions made in Theorem 3.1. To this end, it suffices to show that the likelihood

ratio

l∗ ∶=
Pr∗(Es∣H̄t)
Pr∗(Es∣Ht)

is smaller than 1, where

Pr∗(⋅) = Pr(⋅∣EX).

We can compute the relevant probabilities as follows:24

Pr∗(Es∣H̄t) = Pr(Es∣H̄t,EX) =
Pr(H̄t,Es,EX)
Pr(H̄t,EX)

=
∑X,RX ,Hs

Pr(Es∣Hs)Pr(EX ∣X,RX)Pr(RX)Pr(X ∣Hs, H̄t)Pr(Hs)Pr(H̄t)

∑X,RX ,Hs
Pr(EX ∣X,RX)Pr(RX)Pr(X ∣Hs, H̄t)Pr(Hs)Pr(H̄t)

=
esHs

rXxH̄hsh̄t + esH̄s
rXxHh̄sh̄t + esHs

ar̄XxH̄hsh̄t+

rXxH̄hsh̄t + rXxHh̄sh̄t + ar̄XxH̄hsh̄t+

esH̄s
ar̄XxHh̄sh̄t + esHs

ar̄X x̄H̄hsh̄t + esH̄s
ar̄X x̄Hh̄sh̄t

ar̄XxHh̄sh̄t + ar̄X x̄H̄hsh̄t + ar̄X x̄Hh̄sh̄t

=

α ∶=
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
rX(esHs

xH̄hs + esH̄s
xHh̄s) + r̄Xa(esHs

hs + esH̄s
h̄s)

rX(xH̄hs + xHh̄s) + r̄Xa
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

β ∶=

(16)

24Recall that xH = xHsHt
= x

H̄sH̄t
and x

H̄
= x

HsH̄t
= x

H̄sHt
hold due to Equations 6 and

7.
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Pr∗(Es∣Ht) = Pr(Es∣Ht,EX) =
Pr(Ht,Es,EX)
Pr(Ht,EX)

=
∑X,RX ,Hs

Pr(Es∣Hs)Pr(EX ∣X,RX)Pr(RX)Pr(X ∣Hs,Ht)Pr(Hs)Pr(Ht)

∑X,RX ,Hs
Pr(EX ∣X,RX)Pr(RX)Pr(X ∣Hs,Ht)Pr(Hs)Pr(Ht)

=
esHs

rXxHhsht + esH̄s
rXxH̄h̄sht + esHs

ar̄XxHhsht+

rXxHhsht + rXxH̄h̄sht + ar̄XxHhsht+
esH̄s

ar̄XxH̄h̄sht + esHs
ar̄X x̄Hhsht + esH̄s

ar̄X x̄H̄h̄sht

ar̄XxH̄h̄sht + ar̄X x̄Hhsht + ar̄X x̄H̄h̄sht

=

γ ∶=
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
rX(esHs

xHhs + esH̄s
xH̄h̄s) + r̄Xa(esHs

hs + esH̄s
h̄s)

rX(xHhs + xH̄h̄s) + r̄Xa
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

δ ∶=

(17)

With Equations 16 and 17, l∗ transforms to

l∗ =
α
β
γ

δ

. (18)

From this we can see that α < β and γ < δ. Now setting Pr(RX) = 0 results in

l∗ =

r̄Xa(esHs
hs+esH̄s

h̄s)

r̄Xa

r̄Xa(esHs
hs+esH̄s

h̄s)

r̄Xa

= 1.

Setting Pr(RX) > 0, on the other hand, results in

α

β
<
γ

δ
.

Thus, l∗ < 1 if Pr(RX) > 0.

Proof Theorem 3.2.

First, we show that our alternative model satisfies Equation 1. From the
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Bayesian network’s structure it follows that

Pr(X) = ∑
Hs,Ht

Pr(X∣Hs,Ht)Pr(Hs)Pr(Ht)

= xHsHt
hsht + xHsH̄t

hsh̄t + xH̄sHt
h̄sht + xH̄sH̄t

h̄sh̄t

= hs(xHsHt
ht + xHsH̄t

h̄t) + h̄s(xH̄sHt
ht + xH̄sH̄t

h̄t). (19)

Let α,β be defined as

α ∶= (xHsHt
ht + xHsH̄t

h̄t)

β ∶= (xH̄sHt
ht + xH̄sH̄t

h̄t).

Then Equation 19 transforms to

Pr(X) = hsα + h̄sβ. (20)

Since 0 ≤ Pr(X∣Hs,Ht) ≤ 1 and α,β are weighted averages, it follows from

Equations 5 and 6 that 0 < α,β < 1. From this and the fact that the expression

on the right hand side of the equality sign in Equation 20 is a weighted average,

it follows with Equation 5 that 0 < Pr(X) < 1.

Next, we show that our alternative model satisfies Equation 4. To this end, we

show that Pr(X∣Hi) − Pr(X) /= 0 (where i ∈ {s, t}). We begin by showing that

Pr(X∣Hs) − Pr(X) /= 0. From the Bayesian network’s structure it follows that

Pr(X∣Hs) = ∑
Ht

Pr(X∣Hs,Ht)Pr(Ht)

= xHsHt
ht + xHsH̄t

h̄t. (21)
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If we define

∆ ∶= Pr(X∣Hs) − Pr(X),

it follows with Equations 19 and 21 that

∆ = α − (hsα + h̄sβ).

hsα + h̄sβ is a weighted average. We already know that 0 < α,β < 1. Thus,

the only possibility for ∆ to equal 0 consists in α’s weight hs being 1. This,

however, is excluded by Equation 5. Therefore, ∆ cannot be 0.

A proof for Pr(X∣Ht) −Pr(X) /= 0 can be constructed similarly to the proof

for Pr(X∣Hs) − Pr(X) /= 0 above. We only need to replace Hs by Ht and vice

versa in Equation 21.

Proof Theorem 3.3.

(a) follows directly from applying the d-separation criterion (Definition 6.2) to

the Bayesian network depicted in Figure 6, which tells us that Ht is probabilis-

tically independent of Es unconditionally.

(b) follows trivially from Theorem 3.3(c).

(c) Let Pr∗ result from Pr by increasing Pr(RX) while keeping all parameters

of the original Bayesian network fixed. Let

l ∶=
Pr(Es∣H̄t,EX)
Pr(Es∣Ht,EX)

l∗ ∶=
Pr∗(Es∣H̄t,EX)
Pr∗(Es∣Ht,EX)

.

With Equation 18 we now get

l∗ =
α∗

β∗

γ∗

δ∗

< l =
α
β
γ

δ

,
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where α,β, γ, δ are defined as in Equations 16 and 17 and α∗, β∗, γ∗, δ∗ result

from α,β, γ, δ by replacing rX by r∗X in Equations 16 and 17. Thus, the higher

Pr∗(RX) is compared to Pr(RX), the smaller l∗ is compared to l and, because

of that, the higher c∗(Ht; Es∣EX) is compared to c(Ht; Es∣EX).
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